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Linear programming standard form

Extreme points

Basic and nonbasic variables
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OUTLINE



Application of linear programming to bridge maintenance

20-minute matrix algebra

Simplex method

Example
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BRIDGE MAINTENANCE



National Bridge Investment Analysis System (NBIAS)

Software used by Federal Highway Administration to support development
of national bridge investment strategies.
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Bridges consist of multiple elements (deck, girder, etc.), each element can
take one of five states.

Bridges are classified into strata (weather, traffic, functional class, etc.)

A deterioration model predicts degradation of each element based on the
stratum
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Various repair actions can be undertaken to each element, with associated
costs.

The benefit of repair is the reduction in user cost due to accident/detour
cost, and the increase in element “value”

NBIAS solves a linear program which minimizes cost in the long run.
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Application in Texas, with roughly 50,000 bridges and a $200 million
budget...
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TxDOT used these analyses both to identify ways of improving allocation
of bridge funding, and to perform “what if” scenarios for different budget
levels.
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MATRIX ALGEBRA,
BRIEFLY



A matrix is a table of numbers.

A =

[
1 2 3
4 5 6

]
An r × c matrix has r rows and c columns; matrices are often written with
bold capital letters: A.

A matrix is square if it has the same number of rows and columns.
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A vector is a matrix with only one row or one column, often written with
bold lowercase: x.

A row vector:
[
1 2 3

]

A column vector:

1
2
3
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Matrices of the same dimension can be added or subtracted.[
1 2
3 4

]
+

[
5 6
7 8

]
=

[
6 8

10 12

]
The corresponding elements in the two matrices are added or subtracted.
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Multiplying a number by a matrix is called scalar multiplication.

2

[
1 2
3 4

]
=

[
2 4
6 8

]
Multiply each element in the matrix by that number.
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Multiplying two matrices is only possible if their dimensions are compatible.

The number of columns in the first matrix must equal the number of rows
in the second.

The product matrix has the number of rows from the first matrix, and the
number of columns from the second.

All of the formulas involving matrix multiplication are only valid if the di-
mensions are compatible. This is assumed from here on.
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Examples...[
1 2
3 4

] [
5 6
7 8

]
is defined.

[
1 2 3
4 5 6

]5 6
7 8
9 10

 is defined.

[
1 2 3
4 5 6

] [
5 6
7 8

]
is NOT defined.

In Excel, the MMULT array function can be used to multiply two matrices.
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Matrix multiplication is associative: A(BC) = (AB)C

Matrix multiplication is distributive: A(B + C) = AB + AC.

Matrix multiplication is not commutative: AB 6= BA in general.
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The identity matrix I is all zero, except for ones on the diagonal:

[
1 0
0 1

] 1 0 0
0 1 0
0 0 1


Multiplying by the identity does not change any matrix: IA = AI = A.
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The inverse of a square matrix A is the unique matrix A−1 such that
AA−1 = A−1A = I.

The inverse matrix has the same dimensions as the original matrix, and
can be calculated with the Excel array function MINVERSE.

Not all matrices have inverses, but the ones we will see in this course do. If
a linear programming matrix does not have an inverse, there is a redundant
constraint which can be removed.
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Matrix notation can be used to solve systems of linear equations.

4x1 + 2x2 = 3

6x1 + x2 = 4

can be written as Ax = b where

A =

[
4 2
6 1

]
x =

[
x1

x2

]
b =

[
3
4

]
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To solve this equation, multiply both sides of the equation by A−1:

Ax = b ⇐⇒ x = A−1b

This is where the Excel formula MMULT(MINVERSE(·), ·) comes from.
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SIMPLEX METHOD



This is the standard form of a linear program:

min
x1,...,xn

n∑
i=1

cixi

s.t.

n∑
i=1

ai1xi = b1

...
n∑

i=1

aimxi = bm

x1, . . . , xn ≥ 0
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It can be written much more compactly using matrix notation:

min
x

cx

s.t. Ax = b

x ≥ 0

Here A is an m × n matrix, b and x are column vectors, and c is a row
vector.
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Let B be the matrix corresponding to the coefficients of basic variables,
and N the matrix corresponding to the coefficients of nonbasic variables.

Then
Ax = b ⇐⇒ BxB + NxNB = b ⇐⇒ BxB = b

because xNB = 0.

So, the values of the basic variables have to be xB = B−1b.

We saw this last week when we were solving a system of linear equations to
find the values of the basic variables.
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Assume we have chosen basic variables xB and nonbasic variables xNB ,
and that these are feasible. Recall that this corresponds to an extreme
point of the feasible region.

The simplex method moves from such a point to an adjacent extreme
point; this is equivalent to swapping one variable out of the basis, and one
variable into the basis.

The key question: if I choose some new variable to become basic, what
happens to the value of the objective function?
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Assume that xk is currently nonbasic (so equal to zero). What if we were
to set xk equal to λ instead of zero?

To maintain feasibility, the values of the (current) basic variables will also
have to change (from xB to xB + dB). Let Ak be the column of the
constraint matrix corresponding to xk .

We must have B(xB + dB) + Akλ = b.

Solving for dB gives dB = −λB−1Ak.

As a shorthand, we will write ∆xB = B−1Ak.
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So, if we set xk ← λ, what happens to the objective function?

First, the objective must increase by ckλ.

The objective will also change because the other basic variables are
changing; this change is cB(λ∆xB) = λcBB−1Ak.

So, the total change in the objective if xk were to become nonbasic (and
equal to λ) is:

λ(ck − cBB−1Ak)

The term in parentheses is the reduced cost of the k-th decision variable.
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If a nonbasic variable has a negative reduced cost, then adding it to the
basis will reduce the value of the objective function. If the reduced cost is
positive, adding it to the basis will increase the objective; if zero there will
be no change in the objective.

The simplex method chooses any nonbasic variable with a negative
reduced cost to enter the basis.

Of course, if xk enters the basis, something must leave.

Since the objective is linear, if it is beneficial to increase xk a little bit, it
will be beneficial to raise it as high as possible.
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The only constraint which could be violated as xk is increased further and
further is a nonnegativity constraint for one of the basic variables.

Any basic decision variable xi for which ∆xi ≥ 0 will always remain
feasible no matter how high xk is.

Any basic decision variable xi for which ∆xi < 0 will become smaller and
smaller as xk is increased; eventually it will hit zero and xk cannot be
increased further.

Thus, xi/|∆xi | is an upper bound on xk for any xi with ∆xi < 0.

So, xk ← λ = mini :∆xi<0 xi/|∆xi |
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Simplex method

1 Identify an initial feasible basis {xB1 , . . . , xBm}.
2 Calculate the reduced cost ck = ck − cBB−1Ak for each nonbasic

decision variable.

3 If all of the reduced costs are nonnegative, the current basis is
optimal. STOP.

4 Otherwise, choose some nonbasic decision variable xk with a negative
reduced cost to enter the basis.

5 Set xk = mini :∆xi<0 xi/|∆xi |; the basic variable leaving the basis is
one where this minimum is obtained.

6 Return to step 2.
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Example
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